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Abstract
The world-volume action of the M2 brane and the M5 brane in an adS4×S7
and an adS7 × S4 background is derived to all orders in anticommuting
superspace coordinates θ. Contrary to recent constructions of super p-
brane actions relying on supercoset methods, we only use 11 dimensional
supergravity torsion and curvature constraints. Complete agreement be-
tween the two methods is found. The possible simplification of the action
by choosing a suitable κ-gauge is discussed.
1. Introduction
These days a lot of research is concentrated on the connection between string-
theory and M-theory on adSp+2 × SD−p−2 and extended superconformal theories in
p+ 1 dimensions [1, 2, 3]. adS5 × S5 describes a maximally supersymmetric vacuum
(besides flat space) of type IIB-supergravity, which is the near-horizon geometry of the
D3-brane solution. For 11 dimensional supergravity we have adS4×S7 and adS7×S4
maximally supersymmetric vacua, which are the near-horizon limits of the M2 and
M5 solutions resp.
The actions of super p-brane probes in these near-horizon backgrounds are de-
scribed by a (modified) ‘Dirac’-type term (for D-p-branes, this is the Born-Infeld-
type term) and a Wess-Zumino term. These actions are invariant under local dif-
feomorphisms of the world-volume and κ-symmetry and the rigid isometries of the
background.
One way to realize the superconformal field theory in p + 1 dimensions is to
gauge-fix these probe actions in their own near-horizon background [4], upon which
the isometry group of the background is realized as a rigid superconformal symmetry
on the world volume. The bosonic part of this project was carried out in [4].
Recently the complete super p-brane actions in adSp+2 × SD−p−2 background ge-
ometries have been constructed for the superstring [5, 6, 7, 8, 9] and the D3 brane [10]
in the adS5 × S5 background solution to 10 dimensional type IIB supergravity and
for the membrane [11, 12] in the adS4 × S7 solution to 11 dimensional supergravity.
One purpose of this paper is to construct the missing M5-brane action in adS7 × S4,
which is an important step in the further understanding of the relation between the
M5 brane in adS7×S4 background and the nonlinear six dimensional superconformal
(0, 2) tensor multiplet theory on its world volume [13, 1].
We will consider the near-horizon geometries of the two fundamental branes of
M-theory. Firstly the adS4 × S7 geometry of the M2-brane solution, which is given
by the metric and the 3-form1
ds2 =
(
r
R
)4
dxmηmndx
n +
(
R
r
)2
dr2 +R2dΩ2 ,
A3 = dx
2dx1dx0
(
r
R
)6
. (1.1)
Secondly we consider the adS7 × S4 near-horizon geometry of the M5-brane solution
to 11 dimensional supergravity, given by the metric and the 3-form
ds2 =
(
r
R
)
dxmηmndx
n +
(
R
r
)2
dr2 +R2dΩ2 ,
A3 = −dξ3dξ2dξ1(3R3 sin3 ξ1 sin2 ξ2 sin ξ3 ξ4) . (1.2)
The solution for A3 can be cast in terms of its magnetic dual A6 through the Bianchi
identity dA6 = ⋆dA3+
1
2
A3∧dA3. For this particular solution the second term vanishes
1The 11 dimensional coordinates XM are split up into horospherical adS coordinates xmˆ =
{xm, r} and ξm′ , which are the coordinates on the sphere S.
1
and dA6 = ⋆dA3. We can choose A6 to be
A6 = dx
5 . . . dx0
(
r
R
)3
. (1.3)
The covariant field strengths are
M2 F 4¯ˆm1... ¯ˆm4 = −
6
R
ǫ ¯ˆm1... ¯ˆm4 , F
7
m¯′
1
...m′
7
=
6
R
ǫm¯′
1
...m′
7
,
M5 F 7¯ˆm1... ¯ˆm7 =
3
R
ǫ ¯ˆm1... ¯ˆm7 , F
4
m¯′
1
...m¯′
4
=
3
R
ǫm¯′
1
...m¯′
4
. (1.4)
These forms define the lowest order θ components of the super 4-form and 7-form in
11 dimensional superspace.
The rest of the paper is organized as follows. In section 2 we derive the vielbeine,
connection 1-form and the 4- and 7-forms to all orders in θ for a restricted class
of 11 dimensional backgrounds. This class is characterized by the vanishing of the
gravitino and covariantly constant forms. Contrary to previous work with cosets, we
only rely on 11 dimensional supergravity torsion and curvature constraints to derive
these results. We find complete agreement with results obtained from the supercoset
approach [12] and provide therefore a nice alternative description in supergravity
superspace. Section 3 gives the actions for the M2 and M5 brane in these backgrounds
and a detailed proof for the κ-invariance of the M5-brane action is given in section 4.
In section 5 we discuss the killing-spinor gauge [14] for κ-symmetry and the possible
simplification of the action. We conclude in section 6 with a short discussion of the
results.
2. A class of 11 dimensional backgrounds
In this section we will derive the vielbeine (E), spinconnection (Ω) and forms (Fn),
collectively denoted as geometric superfields, for a certain class of 11 dimensional
backgrounds. We will restrict the background to the case that the gravitino vanishes
and the basic 11-dimensional superfield WM¯1...M¯4 [15] is covariantly constant, which
restricts us essentially to the flat background (where W is vanishing) the adS4 × S7
and adS7 × S4 background (where W is given by (1.4)). It was shown that these
are exact vacua of 11 dimensional supergravity [16]. The derivation of the geometric
superfields in adS4 × S7 and adS7 × S4 has also been considered in [12], by using
coset representations. However, here we will only rely on supergravity torsion and
curvature constraints.
The superspace is parametrized by the coordinates2
ZΛ = {XM , θA} , (2.1)
2We will use barred indices M¯ to indicate tangent space indices. Otherwise we follow the 11
dimensional conventions given in appendix A.1 of [13], where there was no need to distinguish
tangent space indices and curved indices as there we worked in flat space. Γ-matrices will always
carry tangent-space indices and we will drop the bars on Γ-matrix indices. For superspace we have the
following conventions. The components of superforms are defined by Fn =
1
n!
dZΛ1 . . . dZΛnFΛn...Λ1 =
1
n!
EΛ¯1 . . . EΛ¯nFΛ¯n...Λ¯1 . The essential difference with [13, 12] is that the derivative acts from the right,
i.e. dFn = dZ
Λ1 . . . dZΛndZΣ∂ΣFΛn...Λ1 and d(FG) = FdG+ (−)ndFG where G is an n-form.
2
where XM (M = 0, . . . , 10) are the bosonic coordinates of the 11 dimensional space
and θA (A = 1, . . . , 32) are 32 anticommuting coordinates. The vielbeine and con-
nection satisfy ‘on shell’ torsion and curvature constraints [15]
T M¯ ≡ dEM¯ − EN¯ΩN¯ M¯ = −E¯ΓM¯E ,
T A¯ ≡ dEA¯ − 1
4
(ΩM¯N¯ΓMNE)
A¯
= EM¯(TM¯
N¯1...N4FN¯4...N¯1E)
A¯ , (2.2)
RM¯N¯ ≡ dΩM¯N¯ − ΩM¯ P¯ ∧ ΩP¯ N¯
= 1
2
EQ¯EP¯RP¯ Q¯
M¯N¯ + 1
2
E¯SM¯N¯P¯1...P¯4FP¯4...P¯1E , (2.3)
where
TM¯
N¯1...N¯4 = 1
288
(
ΓM
N1...N4 − 8δM [N1ΓN2...N4]
)
,
SM¯N¯
P¯1...P4 = 1
72
(
ΓMN
P1...P4 + 24δM
[P1δN
P2ΓP3P4]
)
(2.4)
and RM¯N¯ and F are the bosonic curvature and 4-form of the background.
The super 4-form and 7-form are given by
F4 = 14!EM¯1 . . . EM¯4F 4M¯4...M¯1 + 12EM¯1EM¯2E¯ΓM2M1E = dA3
F7 = 17!EM¯1 . . . EM¯7F 7M¯7...M¯1 + 15!EM¯1 . . . EM¯5E¯ΓM5...M1E
= dA6 − 12A3 ∧ F4 (2.5)
The consistency conditions (Bianchi-identities) for the definitions of A3 and A6
0 = dF4 ,
0 = 2dF7 + F4 ∧ F4 , (2.6)
can be checked explicitely using equations (2.2) and the 11 dimensional Fierz identities
[18]. These conditions also determine the relative factors in and between F4 and F7.
Using coset-space techniques (see e.g. [19]), various backgrounds for super p-brane
actions have been constructed to all orders in θ, especially the adS4×S7 and adS7×S4
near-horizon backgrounds in [12]. It was established that a very powerfull trick to
derive the vielbeine and spinconnection 1-form was to rescale the θ’s, with a parameter
that is put to unity in the end (see e.g. [5, 6]). However, this technique is not a privilege
of coset representations and the same results can be obtained using supergravity
constraints only.3
Consider the transformation
XM → XM , θA → tθA . (2.7)
3In fact for the backgrounds we consider, the Maurer-Cartan equations in the coset approach are
the curvature and torsion constraints in supergravity and they contain enough information to derive
the geometric superfields to all orders in θ.
3
Taking the derivative with respect to t of E and Ω leads to the coupled first-order
equations in t
d
dt
EΛ¯ = d(θAEA
Λ¯)− θAEA∆¯EΣ¯TΣ¯∆¯Λ¯ + EΣ¯θAΩA;Σ¯Λ¯ − θAEAΣ¯ΩΣ¯Λ¯ ,
d
dt
ΩM¯N¯ = d(θAΩA
M¯N¯)− θAEAΣ¯EΛ¯RΛ¯Σ¯M¯N¯ + ΩM¯P¯ θAΩA;P¯ N¯ − θAΩAM¯ P¯ΩP¯ N¯ .
(2.8)
To solve these equations we make the assumption
θAEA
M¯ = θAΩA
M¯N¯ = 0 (2.9)
and define
ΘA¯f = θ
AEA
A¯ . (2.10)
Thus (2.8) becomes4
d
dt
E = (d+ 1
4
ΩM¯N¯ΓMN + E
M¯TM¯
N¯1...N¯4FN¯4...N¯1)Θf ,
d
dt
EM¯ = 2Θ¯fΓ
M¯E ,
d
dt
ΩM¯N¯ = −Θ¯fSM¯N¯P¯1...P¯4FP¯4...P¯1E . (2.11)
These equations agree completely with the ones derived using coset-space techniques
[12] and therefore the two approaches are completely equivalent to all orders in θ.
Following [12], (2.11) can be solved straightforwardly, by taking multiple deriva-
tives w.r.t. t and considering the initial conditions [7]
E|t=0 = 0 ,
EM¯ |t=0 = eM¯ = dXMeMM¯(X) ,
ΩM¯N¯ |t=0 = ωM¯N¯ = dXMωMM¯N¯(X) , (2.12)
where eM
M¯ and ωM
M¯N¯ are the vielbein and spinconnection components of the bosonic
background.
The explicit solution reads [12]
E =
16∑
n=0
1
(2n+ 1)!
MnDθf ,
EM¯ = dXMeM
M¯ + 2
15∑
n=0
1
(2n+ 2)!
θ¯fΓ
M¯MnDθf ,
ΩM¯N¯ = dXMωM
M¯N¯ −
15∑
n=0
1
(2n+ 2)!
θ¯fS
M¯N¯P¯1...P¯4FP¯4...P¯1MnDθf , (2.13)
4On EA¯ we will drop the index most of the time.
4
where
(M)A¯B¯ = 2(TM¯ N¯1...N¯4FN¯4...N¯1θf )A¯(θ¯fΓM)B¯
−1
4
(ΓMNθf )A¯(θ¯fS
M¯N¯P¯1...P¯4FP¯4...P¯1)
B¯ , (2.14)
θA¯f = θ
AEA
A¯|t=0 ≡ θAeAA¯(X) (2.15)
and
Dθf =
(
d+ 1
4
ω · Γ + eM¯TM¯ P¯1...P¯4FP¯4...P¯1
)
θf . (2.16)
It is straightforward to verify that (2.9) is fulfilled, using symmetry properties of 11
dimensional Γ matrices, and therefore the derivation is consistent.
As a side remark we note that part of (2.16) is the killing spinor equation
0 = δψM = (∂M +
1
4
ωM · Γ + eMM¯TM¯ P¯1...P¯4FP¯4...P¯1)ǫ . (2.17)
The solution to these equations can be written as
ǫA¯kill(X) = ǫ
A
0KAA¯(X) , (2.18)
with ǫA0 a constant 11 dimensional spinor. Therefore we can simplify the expressions
for the vielbeine and connection 1-form by taking [6]
eA
A¯ = KAA¯ (2.19)
and it follows that
DθA¯f → (dθA)KAA¯ . (2.20)
This gauge was for obvious reasons called the killing-spinor gauge and should be
thought of as an alternative for the Wess-Zumino gauge eA
A¯ = δA
A¯. In fact, for flat
space it reduces to the Wess-Zumino gauge, because the flat-space killing spinors are
constant spinors. In this killing-spinor gauge we have that
EM
M¯(Z) = eM
M¯(X) , EM
A¯(Z) = 0 , (2.21)
which means that there are no higher order θ corrections to the bosonic solution for
the vielbein eM
M¯(X) and the gravitino ΨM(X).
We can also obtain expressions for A3 and A6 to all orders in θ, by considering
t-derivatives of the forms. Using (2.11) and Fierz-identities it is non-trivial to derive
that
d
dt
F4 = d(EM¯1EM¯2E¯ΓM2M1Θf) , (2.22)
which we can easily integrate to find
A3 = 1
3!
eM¯1eM¯2eM¯3AM¯3M¯2M¯1 +
∫ 1
0
dt(EM¯1EM¯2E¯ΓM2M1Θf) . (2.23)
In the same way, one finds that
d
dt
F7 = 2
5!
d
(
EM¯1 . . . EM¯5E¯ΓM5...M1Θf
)
− EM¯1EM¯2E¯ΓM2M1Θf ∧ F4 , (2.24)
5
which can be integrated to
A6 = 1
6!
eM¯1 . . . eM¯6AM¯6...M¯1 +∫ 1
0
dt
(
2
5!
EM¯1 . . . EM¯5E¯ΓM5...M1Θf +
1
2
A3 ∧ EM¯1EM¯2E¯ΓM2M1Θf
)
, (2.25)
where under the t-integrals we mean the rescaled vielbeine and 3-form.
In flat space the matrixM vanishes because the field strengths vanish and there-
fore in the Wess-Zumino gauge the vielbeine are given by
E = dθ , EM = dXM + θ¯ΓMdθ . (2.26)
It is reassuring to see that using these results in the equations for A3 and A6, the flat
forms (see e.g. [13]) are obtained [12].
3. The M-brane actions
Super p-brane actions consist in general of two parts
I = Ikin + IWZ . (3.1)
Ikin contains the induced metric
gµν = E
M¯
µ ηMNE
N¯
ν ; g ≡ − det gµν , (3.2)
and is an integral over the world volume (with coordinates σµ). The superspace
coordinates ZΛ = ZΛ(x) are taken to be fields on the world volume and by EM¯µ we
mean the pull back to the world volume of EM¯ . The Wess-Zumino component is an
integral of a closed p + 2-form over a p+ 2 dimensional manifold that has the world
volume as its boundary.
To be more specific for M2 we have (the two signs correspond to branes and
anti-branes)
Ikin = −
∫
M3
d3σ
√
g , IWZ = ∓
∫
M4
F4 , (3.3)
where F4 is the closed background super 4-form.
This action is invariant under local diffeomorphisms and κ-symmetry and by
construction under the rigid isometries of the background, especially OSp(8|4) for
adS4 × S7. After gauge-fixing the local symmetries of this action we will end up
with a superconformal field theory in 3 dimensions as OSp(8|4) is the superconformal
group in 3 dimensions.
The M5 world-volume action is somewhat more involved. We will use the covari-
ant formulation of [20], following [13], where the derivation of the M5-brane action
in flat 11 dimensional superspace was given in detail. The covariance is achieved by
introducing an extra real scalar degree of freedom, which is pure gauge for some ad-
ditional gauge transformation. Besides the superspace coordinates, we also introduce
6
an antisymmetric tensor Bµν(σ) and a real scalar a(σ), which live only on the world
volume. The two components of the action are
Ikin =
∫
M6
d6σ
(
−
√
− det(gµν + iH∗µν)∓
√
g
4
H∗µνHµν
)
≡ −
∫
M6
d6σ
(
G ±
√
g
4
H∗µνHµν
)
(3.4)
and
IWZ = ∓
∫
M7
I7 . (3.5)
We defined the following fields5
H = dB , H = H +A3 ,
uµ = ∂µa , u
2 = uµg
µνuν , vµ =
uµ√
u2
,
Hµν = vρHµνρ , H∗µν = vρH∗µνρ ,
H∗µνρ =
√
g
6
ǫµνρστφHστφ ,
I7 = F7 + 12H ∧ F4 . (3.6)
In all these expressions it is understood that the forms have been pulled back to the
world volume and indices µ, ν are raised and lowered with the induced metric gµν .
By construction I7 is a total derivative
I7 = d
(
A6 + 12B ∧ F4
)
= d
(
A6 + 12H ∧ A3
)
(3.7)
and its pull-back can be integrated over a 7 dimensional space M7 with the world
volume as its boundary.
The gauge invariances of the M5-brane action are diffeomorphisms of the world
volume, κ-symmetry (discussed in more detail in the next section) and the tensor
gauge symmetry and PST-gauge symmetries6 [20, 13], I,II and III, which only act on
Bµν(x) and a(x)
(I) δIBµν = 2∂[µΛν] , δIa = 0 ;
(II) δIIBµν =
1√
u2
ϕ
(
Hµν ± 2 δG
δH∗µν
)
, δIIa = ϕ ;
(III) δIIIBµν = ψ[µvν] , δIIIa = 0 . (3.8)
By construction, the action is invariant under the rigid superisometries of the
11 dimensional background, which is OSp(6, 2|4) for adS7 × S4 and super-Poincare´
transformations in (1, 9) dimensions for flat space. Because OSp(6, 2|4) is the super-
conformal group in 6 dimensions, after gauge fixing local symmetries, the complete
5We took some different definitions w.r.t. [13].
6The normalization of the Wess-Zumino term can be fixed by requiring invariance under III [13].
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non-linear interacting world-volume action will be superconformally invariant. For
the flat case it was established in [13] that only the linearized world-volume theory is
superconformally invariant.
4. κ symmetry of the M5-brane action
In this section we will proof that the M5-brane action constructed in the previous
section is κ-symmetric. The κ-symmetry has been proven in flat space both in the
non-covariant form [21] and in covariant form [20] (see also [13] for a detailed proof).
Unlike for D-p branes [22] and membranes [17], no complete detailed proof for the κ-
invariance of the M5 brane in a generic 11 dimensional supergravity background, has
been given. In this section we will provide such a proof for a background with van-
ishing gravitino and covariantly constant forms, based on exactly the same strategy
as in the flat background (see [13], appendix C).
Given the variations δZΛ of the world-volume fields ZΛ = {XM , θA}, we define7
δÊΛ¯ ≡ δZΛEΛΛ¯
δΩ̂Λ¯
Σ¯ ≡ δZΛΩΛ;Λ¯Σ¯ , (4.1)
which are 0-forms8. A universal feature of κ-symmetry is
δκE
M¯ = 0 , (4.2)
which allows one to express δκX
M in terms of δκθ
A. It follows that
δEΛ¯ = d(δÊΛ¯)− δÊ∆¯EΣ¯TΣ¯∆¯Λ¯ + EΣ¯δΩ̂Σ¯Λ¯ − δÊΣ¯ΩΣ¯Λ¯ , (4.3)
which using (2.2) and (4.2) reduces to
δEM¯ = −2E¯ΓMδÊ + Lorentz
δEA¯ = d(δÊA¯) + EM¯(TM¯
N¯1...N¯4FN¯4...N1δÊ)
A¯ + Lorentz (4.4)
Also we define the pull-backs of the Γ-matrices
γµ = ΓME
M¯
µ , γµν = γ[µγν] , . . . . (4.5)
To demonstrate the κ-invariance of the action we begin by considering the vari-
ation of the different terms in the action. Since all building blocks of the action are
manifestly Lorentz invariant we don’t have to care about the last two terms in (4.3).
9
δκgµν = 4δκE¯γ(µEν) ; δκ
√
g = 2
√
gδκE¯γ
µEµ . (4.6)
For the 4 and 7 forms, F4 and F7, we find using (4.3) and (2.2) again, that
δκF4 = d(EM¯1EM¯2E¯ΓM2M1δκE) . (4.7)
7From a computational point of view this derivation is essentially the same as in section 2.
8In order not to confuse here with the variation of the 1-forms δ(EΛ¯), we use hats when we mean
the 0-form.
9In the following expressions we drop the hats again and all δEΛ¯ are defined as in (4.1)
8
As d and δκ commute, this means
δκA3 = EM¯1EM¯2E¯ΓM2M1δκE + dA2 (4.8)
and therefore we can ‘define’ the κ-transformation of B to be
δκB = −A2 , (4.9)
where the pull-back to the world volume of A2 is understood. The explicit form of A2
will of course depend on the choice of A3, but an explicit derivation of A2 is beyond
the scope of this paper. It follows that
δκH = EM¯1EM¯2E¯ΓM2M1δκE . (4.10)
Again using (2.2) and (4.3) one can derive that
δκF7 = 2
5!
d
(
EM¯1 . . . EM¯5E¯ΓM5...M1δκE
)
−EM¯1EM¯2E¯ΓM2M1δκE ∧ F4 (4.11)
and therefore
δκI7 = d
(
2
5!
EM¯1 . . . EM¯5E¯ΓM5...M1δκE +
1
2
H ∧ EM¯1EM¯2E¯ΓM2M1δκE
)
. (4.12)
For the PST scalar a we make the ansatz that δκa = 0.
Having established the κ-symmetry of the basic components in the action, the
rest of the proof is exactly the same as in flat space (appendix C of [13]). We will
repeat some of the details here to make this proof self-contained.
δκ
√
u2 = −1
2
√
u2vµvνδκgµν , δκvµ =
1
2
vµv
νvρδκgνρ
δκH∗µν = 1√
g
ǫµνρστφvρE¯σγτφδκE −H∗µν
(
2E¯ργ
ρδκE +
1
2
vρvσδκgρσ
)
,
δκHµν = (δκHµνρ) vρ −Hµν δκ
√
u2√
u2
+Hµνρvσδκgρσ . (4.13)
Now we define
δκ
(
∓
∫
d6x
√
g
4
H∗µνHµν + IWZ
)
= ∓
√
g
2
E¯µT
µδκE ,
δκG = − g
2G E¯µU
µδκE (4.14)
and
γ¯ =
1
6!
√
g
ǫµ1...µ6γµ1...µ6 ⇒ γ¯2 = 1 . (4.15)
The tensors T µ and Uµ are exactly the same as in the flat case and their explicit
expressions can be found in equations (C.6) and (C.9) of [13]. It was established that
the T µ and Uµ are related by
Uµ = T µρ where ρ = γ¯ + 1
2
H∗µνvργµνρ − 116√g ǫµνρστφH∗µνH∗ρσγτφ (4.16)
9
and
ρ2 =
G2
g
. (4.17)
Defining
Γ(M5) =
√
g
G ρ, (4.18)
the action is κ-invariant if
δκE = (1± Γ(M5))κ(σ) , δκEM¯ = 0 , (4.19)
with κ a generic 11 dimensional σ-dependent spinor. We repeat the expression for
Γ(M5)
Γ(M5) =
1
G
(√
gγ¯ +
√
g
2
H∗µνvργµνρ − 116ǫµνρστφH∗µνH∗ρσγτφ
)
. (4.20)
It satisfies Γ2 = 1 and tr Γ = 0. Therefore we have established the κ-invariance of
the M5-brane action action in a 11 dimensional background with vanishing gravitino
and covariantly constant forms.
For completeness and future reference we also give the κ-transformation in the
M2 case [17]. This action is invariant under
δκE
A¯ = (1± Γ(M2))κ(σ) , δκEM¯ = 0 , (4.21)
where
Γ(M2) =
εµνρ
3!
√
g
γµνρ . (4.22)
5. Simplifying the action by κ-gaugefixing
In the previous section we derived the action to all orders in θ. For the near-
horizon backgrounds, the vielbeine contain terms up to order 32 in θ and the explicit
expression for the action is therefore very complicated. As discussed in [14], we
expect that a suitable gauge-fixing of the κ-symmetry related to the killing spinors
will simplify the action dramatically. It is the purpose of this section to show by
explicit computation that this is indeed the case
First of all we need an expression for the matrix K in (2.18). This can be obtained
by explicitely solving the killing-spinor equations. For adS4 × S7 (M2 source), using
the coordinates defined in (1.1), the killing-spinor equations take the form
0 = δψm = ∂mǫ+
(
r
R
)2 1
R
ΓmΓr(1− Γ012)ǫ ,
0 = δψr = ∂rǫ− 1
r
Γ012ǫ ,
0 = δψm′ = ∇˜m′ǫ− 1
2
Γre˜m′
m¯′Γm′Γ
012ǫ , (5.1)
10
where ∇˜m′ is the covariant derivative and e˜m′m¯′ the vierbein on the unit 7-sphere. The
first equation suggests to introduce projections of a generic 11 dimensional Majorana
spinor λ
λ± = P(M2)± λ = 12(1± Γ012)λ . (5.2)
Acting with this projector10 we get 6 killing equations
0 = ∂mǫ− ,
0 = ∂mǫ+ + 2
(
r
R
)2 1
R
Γmrǫ− ,
0 = ∂rǫ± ∓ 1
r
ǫ± ,
0 = ∇˜m′ǫ± ∓ 1
2
Γre˜m′
m¯′Γm′ǫ± . (5.3)
It is straightforward to solve these equations11 and the explicit solution reads
ǫ− =
(
R
r
)
f−(M2)(ξ)ǫ
0
− ,
ǫ+ =
(
r
R
)
f+(M2)(ξ)
[
ǫ0+ − 2
xm
R
Γmrǫ
0
−
]
, (5.4)
where
f±(M2)(ξ) = (cos
ξ1
2
± Γrξ1 sin ξ12 )
7∏
k=2
(cos ξk
2
+ Γξk−1ξk sin
ξk
2
) , (5.5)
and ǫ0± are the two projections of a constant majorana spinor, which make 32 killing
spinors, and provides us with the matrix K defined in (2.18).
In the same way one establishes for adS7×S4 (M5 source) that the killing spinors
can be written as
ǫ− =
(
R
r
)1/4
f−(M5)(ξ)ǫ
0
− ,
ǫ+ =
(
r
R
)1/4
f+(M5)(ξ)
[
ǫ0+ −
1
2
xm
R
Γmrǫ
0
+
]
, (5.6)
where
f±(M5)(ξ) = (cos
ξ1
2
± Γrξ1 sin ξ12 )
4∏
k=2
(cos ξk
2
+ Γξk−1ξk sin
ξk
2
) . (5.7)
Now12
ǫ± = P(M5)± ǫ = 12(1± Γ012345)ǫ (5.8)
defines the projections for M5.
10The matrix Γ012 has the properties [Γ012,Γm] = 0, {Γ012,Γr} = 0 and {Γ012,Γm′} = 0. Also
(Γ012)T = C−1Γ012C, with C the 11 dimensional charge-conjugation matrix. This means that λ¯± =
±λ¯±Γ012 with λ¯ = λT C.
11The solution for the killing equation on the sphere can be found in [23]
12The matrix Γ012345 satisfies {Γ012345,Γm} = 0, [Γ012345,Γr] = 0 and [Γ012345,Γm′ ] = 0. Also
(Γ012345)T = −C−1Γ012345C. This means that ǫ¯± = ∓ǫ¯±Γ012345.
11
Next we will consider the following gauges for κ-symmetry
(i) P−θf = θf− = 0 ,
(ii) P+θf = θf+ = 0 , (5.9)
where the appropriate projector (5.2) or (5.8) has to be taken for the near-horizon
geometry one considers.
Firstly take case (i), which is the situation considered in [14]. For the adS4 × S7-
supergeometry in the killing-spinor gauge (2.19) we have
(Dθf )|θf−=0 =
(
r
R
)1/2w
f+dθ+ , (5.10)
introducing w = 1
2
and w = 2 for M2 and M5 resp. [4], and it follows that MDθf
becomes zero in this gauge. Indeed we compute
(MDθf)|θf−=0 = −
1
2
ΓrmΓ
012θf+ θ¯f+Γ
m(Kdθ)+F0¯1¯2¯r¯
+
1
2
Γrmθf+ θ¯f+Γ
mΓ012(Kdθ)+F0¯1¯2¯r¯ , (5.11)
which clearly vanishes. Also for the adS7 × S4-supergeometry explicit computation
shows that this is the case in this gauge. Therefore the vielbeine and forms simplify
dramatically. Defining λ = θ+, we find in both cases that
Em¯ = (dxm + λ¯Γmdλ)em
m¯ ,
E r¯ = drer
r¯ ,
Em¯
′
= dξm
′
em′
m¯′ ,
E = (−g00)
1
4f+(ξ)dλ , (5.12)
where emˆ
¯ˆm and em′
m¯′ are the vielbeine of the adS-space and the sphere resp. g00 is
the 00-component of the metric. The expressions for the vielbeine are as simple as
for the flat background (2.26). The forms can then be found by plugging in these
vielbeine in (2.23)-(2.25) and the action formulas follow.
Secondly we can consider case (ii). We now apply the killing-spinor gauge (2.19)
combined with θf+ = 0. It follows that
(Dθf )|θf+=0 =
(
R
r
)1/2w
f−(ξ)dθ− + dx
m
(
r
R
)1/w 1
wR
Γmrθf− . (5.13)
For both the M2 and M5 near-horizon geometries it follows that
(MDθf)|θf+=0 =M
(
r
R
)1/w 1
wR
Γmrθf− , (M2Dθf)
∣∣∣
θf+=0
= 0 , (5.14)
by explicit computation. In this gauge the vielbeine contain terms up to order (θ−)4.
Whether these gauges are admissible, i.e. if they are compatible with the reparametriza-
tion gauge and the classical solution to the brane-wave equations one wishes to take,
12
has to be considered for each case at hand and goes beyond the scope of this paper.
6. Discussion
In this paper the super M-brane actions were derived to all orders in anticom-
muting variables θ for specific backgrounds. The main new result is the complete
derivation of the M5-brane action in its near-horizon background. It was shown that
the actions can be determined completely relying only on supergravity torsion and
curvature constraints, in contrast to other constructions based on coset techniques.
This has the advantage that one can consider different 11 dimensional backgrounds
at once [12]. Also we found complete agreement with the coset construction in [12],
where agreement with gauge completion results to lowest order in θ was found. How-
ever, the covariant torsion and curvature constraints can already be derived from
the first order in θ gauge completion [15] and therefore as this paper only relies on
these constraints, there is full agreement to all orders in θ. The two approaches are
therefore completely equivalent. In this paper, we restricted ourselves to backgrounds
with vanishing gravitino and covariantly constant field strengths, but a study of more
general backgrounds along the same lines would be interesting.
Following [14] we considered the gauge fixing of probe M-brane actions in adS4×S7
and adS7 × S7. Two κ-gauges were proposed related to the killing spinors of the
background and the simplification of the geometric superfields was discussed for both
cases.
By construction the gauge-fixed actions will be invariant under superconformal
transformations because OSp(4|8) transformations, which are the isometries of the
adS4 × S7 M2 near-horizon background, and OSp(6, 2|4) transformations, which are
the isometries of the adS7 × S4 M5 near-horizon background, become upon gauge
fixing non-linearly realized superconformal transformations on the remaining world-
volume fields. For the M2 we have a superconformal scalar multiplet in 3 dimensions
and for M5 a superconformal (0, 2) tensor multiplet in 6 dimensions. The precise
form of the transformation rules, which have been written down for the (bosonic)
conformally invariant actions in [4], still have to be derived.
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